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* “Bidirectional Typing.” Jana Dunfield and Neel
Krishnaswami. ACM Computing Surveys, 2021.

8 FOCUSING, POLARIZED TYPE THEORY, AND BIDIRECTIONAL TYPE SYSTEMS

A widespread folklore belief among researchers is that bidirectional typing arises from polarized
formulations of logic. This belief is natural, helpful, and (surprisingly) wrong.
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* “Bidirectional Typing.” Jana Dunfield and Neel
Krishnaswami. ACM Computing Surveys, 2021.

At this point, we can make the following pair of observations:

(1) The simple bidirectional system for the STLC with products has the property that two terms
are fin-equal if and only if they are the same: it fully characterizes fn-equality.

(2) Adding sum types to the bidirectional system breaks this property: two terms equivalent up
to (some) commuting conversions may both be typable.

To restore this property, two approaches come to mind. The first approach is to find even more
restrictive notions of normal form, which prohibit the commuting conversions. We will not pursue
this direction in this article, but see Scherer [2017] and Ilik [2017] for examples of this approach.

The second approach is to find type theories in which the commuting conversions no longer
preserve equality. By adding (abstract) effects to the language, terms that used to be equivalent can
now be distinguished, ensuring that term equality once again coincides with semantic equality.
This is the key idea embodied in what is variously called polarized type theory, focalization, or

call-by-push-value [Levy 2001].
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The ability to control the reduction strategy of a term through
dedicated operators, reflected at the level of types by the presence
of explicit polarity shifts — the key ingredient in the focalisation
result — is a striking example of double discovery. Indeed, the
focusing technique was a rather syntactic artifact of linear logic that
rose to the status of “éminence grise” in proof theory, while the
call-by-push-value language stems from the thorough analysis of the
semantics of the two major functional paradigms. Their convergence
1s a sign of their significance.

* “Computation in focused intuitionistic
logic.” Taus Brock-Nannestad, Nicolas
Guenot, Daniel Gustafsson. PPDP 2015.
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e “Computation in focused intuitionistic logic.” Taus Brock-Nannestad,
Nicolas Guenot, Daniel Gustafsson. PPDP 2015.

5. Call-by-push-value and LJF

As we have seen in the previous sections, the LJF system offers
a versatile framework for typing A-terms extended by advanced
constructs, providing at least a partial control over the reduction
strategies. Of course, the introduction of shifts at the level of types
and the encodings given for CBN and CBV are reminiscent of
the call-by-push-value language [25] in which the markers U and
F' establish the distinction between value types and computation
types. It appears clear that there 1s a connection here, but this raises
the question: are LJF and CBPYV describing precisely the same
language ? This section will show that they are almost the same, but
not exactly.
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From the perspectlve of our comparison, we see that CBPV and
the Ax-calculus, typed by LJF, are not exactly the same: any term
typeable in Ax must be n-long — up to atoms but also shifts, as
for example | N can be the type of some variable x — while in
NJPYV this restriction is not enforced. Of course, one could use the
n-exnansion result of CBPV. valid at non-atomic tvnes. but it would

“The bijection is between well-typed [focused A terms]
and CBPV terms where all subterms of function type
are n-long.”

(Brock-Nannestad et al. 2015)
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We have adapted the CBPV syntax to fit our general framework,
but one can easily see that U is | and F' is 1, making |-| and
[-] stand for thunk and return respectively, while F denotes the
forcing of a value and the CBPV application p‘t is translated into
t p. Formally, we use the following grammar:

t,u
b,q -

and the terms ¢ p and F p are called synthesised terms, while the
others are checked terms, in reference to the form of the typing rules.

et | tp | Fp | [p] | utox.t
z | [t

TEpeP  TFrteN
YT z:Prz=P "Tr[pl<tP PTE[t|<|N
"IP+t=>P>ON TkpeP  TD,z:PFt<N
¥ THip= N "TF Xt<=PON
TFu=1P T,z2:PkteM TEp=|N
ne TFutoxt< M P FpS N
THi=N Nefa,tP} TrteN

C
" TFteN TFi=N
'eEp=>P Pc{at, [N} F'Ep<P
mp

TEp<P Pre, =P

Figure 6. Rules for bidirectional NJPV with associated terms
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